Abstract Bridging laws are essential in predicting the mechanical behaviour of conventional short-fibrereinforced composites and the emerging nanofibre-reinforced composites. In this paper, we first review some studies on the toughness of carbon nanotube-reinforced composites that is induced by the pull-out of the nanotubes from the matrix, and on the development of the corresponding bridging laws. A close examination of the available bridging laws for carbon nanotubes reveals that some fundamental issues need to be further addressed. We propose a simple nonlinear and smooth bridging law to describe the pull-out force-displacement behaviour of carbon nanotubes from a matrix. This law contains only two material parameters, reflects the basic features of the pull-out experiments, and is easy to use. We then use this bridging law to calculate the fracture toughness of carbon nanotube-reinforced nanocomposites and predict the pull-out force-displacement response of conventional short fibres that are grafted with carbon nanotubes. Some parametric studies are conducted to reveal the influence of various parameters at the nano-and micro-scale on these properties.
effort has been devoted to quantifying the overall toughness of carbon nanotube-reinforced composites based upon some bridging law, i.e. a relation between the pull-out force and the pull-out displacement of a single nanotube from the matrix.
Fiedler et al. [4] and Wichmann et al. [6] analysed the fracture energy dissipated by pulling out multiple nanotubes from a matrix treating the nanotubes as unidirectional and straight short fibres that are bonded to the matrix by a constant interfacial shear stress, and using the energy consumed by pulling out a single nanotube. Like conventional microfibres, when the embedded length exceeds a critical value, a CNT may break during the opening of a crack, instead of being pulled out. Wichmann et al. [6] also considered the effect of the critical length. This simple analysis clearly shows the effect of some key parameters involved in the pull-out toughening mechanism: the length, radius, and volume fraction of the CNTs, and the interfacial shear strength. They also mentioned another mechanism, namely the work done in the extension of the nanotubes due to their high failure strain (10 % or more). This deformation may not be important for conventional brittle fibres, but it needs to be well examined for CNTs. Tong et al. [8] studied the effect of unidirectional multi-walled CNTs that bridge a crack in a double cantilever beam on the energy release rate of the delamination. Two bridging tractions were considered: the traction caused by the deformation, debonding and pull-out of the CNTs from the substrates, and the pull-out of the inner tube from the outer ones in multi-walled CNTs (the so-called sword-in-sheath pull-out). Upon a detailed examination of the corresponding experimental observations, the former was modelled by a perfectly plastic and frictional pull-out bilinear law, while the latter was modelled by a bilinear bridging law. Chen et al. [9] investigated the optimum combination of the embedded CNT length and the interfacial shear strength for increasing the fracture toughness of CNT-reinforced nanocomposites. The bridging law of the Lawrence shear-lag model [10] for a straight short fibre was used to calculate the increased fracture toughness caused by the bridging traction in the wake of a single mode I crack. The competition of the fibre breakage in the case of strong interfacial bonding and the fibre pull-out in the case of weak bonding gave rise to the optimum combination of these two parameters.
The spatial distribution, orientation, morphology, and interface bonding conditions of CNTs greatly affect the toughening effect. Therefore, many researchers have studied the effect of these factors on the mechanical properties of CNT-reinforced nanocomposites. For example, Seshadri and Saigal [11] calculated the fracture energy induced by the pull-out of bridging nanotubes in a composite. The interface between a CNT and its surrounding matrix was described by a nonlinear shear cohesive model in which the shear force and displacement were related through the Xu-Needleman potential [12, 13] . However, they neglected the contribution of the frictional sliding pull-out after the peak force. Seshadri and Saigal [11] also studied the effect of the viscosity of the matrix by performing a viscoelastic analysis. Mirjalili and Hubert [14] modelled the toughening mechanisms of unidirectional and randomly oriented CNTs in CNT-reinforced polymeric composites. They calculated the J-integral for a mode I crack whose wake is bridged by CNTs which can either be pulled out or break if the embedded length is smaller or larger than a critical length. As in the analysis of Wichmann et al. [6] , the pull-out of a single CNT was simply governed by a constant interfacial shear stress, which is equivalent to a constant frictional stress along the embedded length of the CNT. For an inclined CNT, the applied tensile stress was transformed into the traction along the CNT by coordinate transformation. Although the J-integral should be calculated over the whole distribution of the orientation angles of the CNTs, in the work of Mirjalili and Hubert [14] , the contribution of the randomly oriented CNTs was ignored and counted by a binary zero-one scheme determined by a critical value of orientation. Chen et al. [15] predicted the fracture energy of CNT-reinforced nanocomposites taking into account two vital factors, i.e. the curvature and stochastic failure of CNTs. For the curvature effect, they used a simplified analytical tri-linear bridging law that was developed based on the nonlinear bridging law for curved CNTs established by Chen et al. [16, 17] . The original bridging law of Chen et al. [16, 17] depicts the complete three-stage deformation of a curved CNT in a matrix, namely the elastic deformation in the bonded stage, the interfacial debonding stage, and the sliding pull-out stage. For the latter, it is assumed that the strength of the CNTs is described by a two-parameter Weibull distribution, where the axial stress is calculated by the formula of Chen et al. [17] for a curved CNT. It is found that the curvature generally decreases the fracture energy. Pavia and Curtin [18] predicted the strength and work of fracture of a nanofibre-reinforced ceramic composite characterized by a single crack bridged by wavy short nanofibres. A bridging law was developed using a shear-lag model of a unit cell, similar to the work of Chen et al. [16, 17] , following the Lawrence shear-lag model [10] . However, the concept of a virtual pulley of Li et al. [19] was used to simulate the frictional resistance at the exit point of the fibre from the matrix, so the contribution of the friction due to the curvature of the fibre was depicted by an exponential function. The strength of the nanofibre was characterized by a Weibull distribution. The salient finding of Pavia and Curtin [18] is that there is an optimum combination of the length and radius of curvature of the CNTs which can maximize the strength and toughness of the composite.
The bridging law for a single CNT constitutes the foundation for quantifying the toughening mechanisms of CNT-reinforced nanocomposites. This is similar to the toughening analysis of conventional short-fibrereinforced composites, for which a wealth of literature has accumulated for various types of materials over the last few decades [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . We analyse below some key bridging laws that are used for the nanocomposites.
Bridging laws
Although the bonding conditions between a carbon nanotube and a polymer matrix may involve complicated mechanisms [31] , it is generally recognized that there is no strong chemical bond without well-designed surface modification, and the CNTs are bonded to polymer matrices (for example, epoxy, polypropylene, polystyrene) through electrostatic interaction, van der Waals interaction, possible discrete covalent bonding, and even mismatch of deformation and coefficients of thermal expansion [32] [33] [34] [35] [36] . However, significant higher interfacial bonding strengths than conventional carbon fibre-polymer matrix composites could be obtained [34, 35, 37] , and surface modification can also be used to increase the bonding strength [38] . Due to their high strength and the relatively low interfacial shear strength, CNTs are observed to be pulled out from polymer matrices at crack faces in composites, with or without breakage [39] [40] [41] , and for multi-walled CNTs (MWCNTs), the inner tube may be pulled out of the outer shell when the latter breaks-the so-called sword-insheath mechanism [40, 42] . Therefore, to fully utilize the unique advantages of high strength and high surface area of CNTs in strengthening and toughening various matrices it is necessary to understand and quantify the load transfer between a CNT and its surrounding matrix, as well as the pull-out mechanisms.
The deformation of a CNT relative to the matrix under tensile loading is generally regarded to undergo three major stages [1, 6, 16, 17] : (1) bonded stage when the CNT is fully bonded to the matrix during loading, and the CNT is generally assumed to deform elastically with the matrix; (2) debonding stage when a part of the CNT has debonded from the matrix and deforms against the frictional force exerted by the matrix, while the rest of the CNT is still bonded to the matrix; and (3) pull-out stage when the debonding propagates to the entire embedded length of the CNT, but due to friction it is progressively pulled out of the matrix. Although a direct observation of the whole deformation process is difficult, molecular dynamic simulations confirm these three stages of deformation [43] [44] [45] . These stages characterize the bridging law in that in the initial stage, the pull-out force increases linearly with the pull-out displacement to a peak load, and then with the propagating interfacial debonding, the force drops steeply as the displacement increases, and finally the force gradually decreases to zero due to the interfacial frictional force. These features are seen in the direct pull-out experimental force-displacement curves [31, 35, 37] . As indicated by Cooper et al. [35] , and also demonstrated by the experiments of Barber et al. [31, 37] , the pull-out force-displacement curves of CNTs and their ropes from polymer matrices resemble typical pull-out force-displacement curves of microfibres in conventional cementitious and polymer composites, such as polymer fibres from a cement matrix [19, 46] , glass fibres from polymers [47] , carbon fibre z-pins from carbon fibre-epoxy composites [29, 48] , metallic rods from carbon-epoxy composites [28] , and Kevlar threads from a resin [49] . These force-displacement curves are often represented by an idealized simple tri-linear diagram shown in Fig. 1 . The tri-linear bridging law and its variations (for example, the simplest variation where stages OA and AB in Fig. 1 are suppressed and only the frictional stage BC is retained) are widely used in predicting constitutive relations and toughness of conventional short-fibre-reinforced composites and CNT-reinforced nanocomposites [15, 20, 24, 26, 27, 48, [50] [51] [52] .
It should be mentioned that the pull-out length of the CNTs in composites may vary between several hundreds of nanometres and several millimetres [1, 4, 53] , but the length used in the molecular dynamic simulations is much smaller, say only several tens of nanometres [44, 45] or even only several nanometres [43, [54] [55] [56] , and the pull-out lengths in the direct experiments of Barber et al. [31, 37] are also in the range of several tens of nanometres, relatively small compared to the length in actual composites. Therefore, the actual pull-out displacement corresponding to the stage BC in Fig. 1 should be much larger than that shown here.
Apart from molecular dynamic simulations and limited experiments, models within the framework of continuum mechanics have been developed to calculate various quantities, in particular the stress distribution and interfacial shear strength [57] [58] [59] [60] [61] [62] [63] . Here, we only focus on the pull-out bridging law. In this regard, by assuming that the interface between the CNT and the matrix is described by the nonlinear shear cohesive model of Xu and Needleman [12, 13] , and neglecting the deformation of the CNT but considering the deformation of the matrix, Seshadri and Saigal [11] developed a nonlinear bridging law. Chen et al. [16, 17] developed the Fig. 1 A tri-linear bridging law (OABC) for pull-out of CNTs and conventional short fibres, where p denotes the pull-out force and δ denotes the pull-out displacement. OA, AB, and BC represent the bonded, debonding, and frictional sliding stages, respectively. p max is the peak force at A. The dashed line represents a nonlinear bridging law which is given in Eq. (1) most comprehensive pull-out model to date that gives a complete pull-out bridging law connecting the three stages of the deformation of the CNT. This model is based on the classical Lawrence shear-lag model [10] for a straight short fibre, but Chen et al. [16, 17] made several improvements by taking into account the curvature of the CNT, a nonvanishing force at the embedded end of the CNT that may be caused by entanglement, and a Coulomb friction law in the debonded section. Therefore, the bridging law of Chen at al. [16, 17] isa nonlinear and continuous curve that spans the whole range of deformation from the initial elastic deformation to complete pull-out of a curved CNT from a matrix. However, to obtain the curve some numerical computation for a given set of material parameters is necessary. Therefore, to predict the fracture energy of CNT-reinforced nanocomposites, Chen et al. [15] proposed and used a tri-linear bridging law (as shown in Fig. 1 ) based on their original nonlinear bridging law. They showed that the original nonlinear but complicated bridging law can well be approximated by a tri-linear bridging law. Recently, He et al. [64] presented a pull-out model for an inclined CNT from a matrix. This model takes into account the bending deformation of the CNT and the compressive deformation of the matrix at the exit surface. It can also depict the complete pull-out force-displacement relation, but it also requires some numerical computation. One of the important findings of He et al. [64] isthat the predicted maximum pull-out load increases with the inclination angle, similar to the exponential increase givenbyLietal. [19] .
A close examination of the above bridging laws reveals some issues that need to be further addressed. Firstly, as pointed out by Wang and Karihaloo [65] , the problem with the idealized tri-linear bridging law and its variations (Fig. 1) is the discontinuity in the tangent bridging stiffness. The real pull-out curves, both for conventional fibres and CNTs [37, 46, 49] , are nonlinear but smooth, in particular, in the debonding and sliding stages, and for inclined fibres, the abrupt change of the tangent does not comply with the behaviour of real materials. More importantly, with this tri-linear bridging law, it is impossible to model the transition from the strain-hardening to tension-softening, and thus the material instability, of short-fibre-reinforced quasi-brittle and brittle composites. A smooth nonlinear bridging law can also be used to predict the nonlinear behaviour of composites containing multiple micro-cracks [66] . Recently, multiple micro-cracks bridged by boron nitride nanotubes have been found in brittle matrix composites [67] . Secondly, the Lawrence model [10] , which has been used to establish the bridging law by Chen et al. [16, 17] ,andalsousedbyPaviaandCurtin [18] , is based on the deformation and load transfer of a concentric cylinder where a fibre of a circular cross section is embedded in an outer cylindrical matrix shell. This is probably the most widely used configuration in various shear-lag models since the work of Cox [68] . As a consequence of this configuration, the stresses and displacements given by the shear-lag model will become dependent on a nondimensional parameter
where r f and E f denote the radius and Young's modulus of the fibre, respectively, E m denotes Young's modulus of the matrix, and r m is the outer radius of the matrix shell in the cylindrical shear-lag model. The ratio of r f /r m is well defined for an individual cylindrical unit cell, but its definition becomes obscure for a composite material. Cox [68] suggested a way to calculate it by assuming the fibres are arranged hexagonally. Chen et al. [15] used a 'virtual matrix radius' r m , which is a rather large value. Pavia and Curtin [18] suggested that r f /r m = √ V f , by assuming that the volume fraction V f of the fibre in a composite material can be represented by that in the concentric cylindrical unit cell. It is immediately seen that R will become a complex number when V f > V fcr ≡ E m /E f , and so are the displacements and stresses obtained from the shear-lag model. If the typical value E f = 1 TPa is used, then V fcr ≈ 0.3 % for epoxy [1] , and V fcr = 0.06 % for polypropylene [69] . The volume fractions of CNTs in composites may range from less than 0.1 % to about 10 % [70] . Therefore, the bridging law based on the concentric cylindrical model may be more applicable for composites with a relatively small value of E f /E m so that a large volume fraction of the fibres can be accommodated. Moreover, experiments and simulations [45, 53] reveal that CNTs aligned at large oblique angles with respect to the crack surface may break, instead of being pulled out from the matrix, which may reduce the toughening effect. This mechanism has been well studied in conventional composites [23, 27] . A combination of a bridging law for CNTs with a proper fibre-discounting scheme may better quantify the toughening effect of CNTs. Apart from the toughening analysis, bridging laws for CNTs may be also applied to the modelling of the pull-out and related properties of carbon fibres grafted with carbon nanotubes [71] [72] [73] .
Bridging laws of conventional microfibres and the CNTs of the nanoscale have similar features; much can be readily borrowed from the former. Therefore, in this paper, we shall propose a bridging law and attempt to address the issues identified above.
An exponential bridging law and determination of the parameters
Although some other models for conventional composites besides those mentioned above can give complete bridging laws [74] [75] [76] [77] , we want to reduce the numerical computation to the minimum to facilitate their applications, while reflecting the fundamental features of the pull-out processes of both conventional flexible short fibres and CNTs, as well as their composites. To this end, we propose to use the exponential bridging law that has been used by Wang and Karihaloo [65] in their study of material instability in short-fibre-reinforced composites
where p denotes the pull-out force and δ denotes the pull-out displacement, respectively; k represents the initial slope (tangent stiffness) of the p-δ curve; and δ cr designates the critical displacement corresponding to the peak of the pull-out force p, where the tangent stiffness vanishes. A comparison of this nonlinear smooth bridging law with the tri-linear bridging law is shown in Fig. 1 . The dashed curve of the nonlinear bridging law in Fig. 1 is drawn such that the bridging force is normalized with the peak force, and the initial tangent stiffness k is the same as the slope of the straight line OA. This bridging law is similar to the exponential bridging law developed by Seshadri and Saigal [11] based on the interfacial shear cohesive model of Xu and Needleman [13] 
Because the deformation of the CNT is ignored, the parameter k * of Seshadri and Saigal [11] is related to the fracture energy of the interface and the modulus of the matrix.
With only two parameters k and δ cr , which can be directly measured in an experiment, the bridging law (1) seems to be the simplest. We shall determine these two parameters by considering the deformation mechanisms of CNT-reinforced nanocomposites. First, we determine the initial bridging stiffness k. As mentioned above, the CNTs are bonded to the matrix in the initial stage of deformation, and thus the pull-out displacement is the sum of the elongation of a CNT and the deformation of the matrix. To eliminate the dependence of the deformation of a CNT on the size of the cell in the Lawrence model [10] , as mentioned above, we calculate the elongation by letting the outer radius of the cylindrical cell in the Lawrence model approach infinity. In this case, the axial stress in an embedded straight short fibre is a linear function of the distance from the embedded end [10, 16, 17] , and thus the elastic elongation of the CNT under a pull-out force p is simply
where l denotes the embedded length, and E f and A f represent the elastic modulus and cross-sectional area of the CNT, respectively. Fu et al. [78] carried out an analysis of the stress transfer in the pull-out models of a single straight short fibre, and the interaction among multiple fibres. The interaction among multiple fibres will influence the stress transfer of a fibre, but the single-fibre approximation ignoring the interactions is quite accurate for small volume fractions, say V f < 5 %, in which case the axial stress in an embedded short fibre is quite accurately depicted by a linear function, as in the Lawrence model [10] . The deformation of the matrix, which is not included in Eq. (3), will be calculated separately. Here, as in the work of Seshadri and Saigal [11] , this displacement of the matrix caused by pulling a CNT is approximated by the deformation of a rigid cylindrical indenter of a radius r f imposed on the surface of a semi-infinite medium [79] , i.e. the matrix,
where E m and ν m are the Young modulus and Poisson ratio of the matrix, respectively, and r f is taken as the radius of a CNT. Thus, the total pull-out displacement is
A simple analysis for typical CNT-reinforced composites, where E f = 1TPa,r f = 1nm,l = 1 µm, E m = 2GPa,andν m = 0.3, shows that the second term in the square bracket is in the order of 1 (about 1.4). Therefore, the deformation of the polymer matrix may have the same significance as the deformation of the CNT itself in the initial stage of pull-out. Equation (5) gives the bridging stiffness k in Eq. (1)as
N e x t ,w ed e t e r m i n eδ cr . For this, the maximum (peak) pull-out force from Eq. (1) is calculated as p max = kδ cr e −1 . If the peak force, which can be easily measured, is known, then δ cr can be calculated. To keep the calculations to a minimum, and to be consistent with the above analysis, and more importantly, to reflect the experimental and theoretical observations, we calculate the peak force using the formula of Li et al. [19] for the pull-out of an inclined flexible short fibre, that is,
where p 0 = 2πr f τ s l is the critical pull-out force for a straight fibre of length l and interface shear strength τ s ,andµ is the snubbing friction coefficient for an inclined fibre with an inclination angle ϕ with the normal direction of the crack surface [19] . With the above formulas, δ cr is given by
The initial bridging stiffness and the critical pull-out displacement have several features. Firstly, the method to obtain k is consistent with the degenerate Lawrence model [10] as well as the theoretical prediction of Fu et al. [78] where a uniform interfacial shear stress and thus a linear axial stress prevail along the embedded length of the fibre. More importantly, Chen et al. [16, 17] show that the initial curvature of a curved CNT has a small effect on the initial bridging stiffness; rather, the length has a significant one. Thus, we propose that the initial bridging stiffness k given in Eq. (6) is also applicable to curved CNTs. Secondly, the experiments of Li et al. [19] , and Leung and Ybanez [46] for the pull-out tests of initially bent flexible fibres from mortar show that both the peak force and critical pull-out displacement increase with the inclination angle ϕ. Though Leung and Ybanez [46] emphasize the difference in the pull-out behaviour of initially bent and straight fibres, it is also pointed out that initially bent and straight fibres with negligible flexible stiffness should have similar behaviour. While the increase in the critical pull-out displacement for an inclined fibre from a brittle matrix such as mortar is due to spalling of the matrix at the exit point, the plastic deformation of polymer matrix at the exit point of conventional microfibres and nanoscale CNTs will have a similar effect [44, 75] . Finally, the theoretical analysis of He et al. [64] shows that the peak force of a pulled CNT increases with the inclination angle, consistent with the model of Li et al. [19] .
Toughness
The energy consumed by pulling out a single CNT with the pull-out force-displacement relation (1) is, assuming that the CNT does not break,
The exponential bridging law (1) is similar to the interface traction-separation function in the cohesive model of Needleman [12] , which decays to zero when δ →∞. In calculating the work of separation, Needleman [12] suggested that the upper limit (i.e. l here) of the integral can be chosen such that the value of the integration is about 95 % of that by setting the upper limit to δ →∞ . However, the value of l in Eq. (9) should be the pull-out length of a CNT. Thus, a problem emerges as how to determine the upper limit of the integral in (9) . To resolve this, we conduct an analysis of the order of magnitude of the ratio l cr /δ cr , which can be expressed as
To toughen a matrix, the embedded length l should be close to or less than the critical length l cr ≡ (σ u r f /2τ s ), which has been used in Eq. (10), where σ u is the tensile strength of a CNT. Using E f = 1TPa, E m = 2GPa,τ s = 50MPa,σ u = 30 GPa, and µ = 0.6 (Li et al. [19] ; Chen et al. [17] ) and ϕ = π 2 gives l cr /δ cr = 1.6, while l cr /δ cr = 4.25 for ϕ = 0. Therefore, G 0 can also be well approximated by G 0 = kδ 2 cr , since the CNTs at large angles are likely to be discounted, as described below.
With the pull-out energy for a single CNT in (9), we calculate the fracture energy corresponding to the pull-out of randomly orientated CNTs following Li et al. [23] 
In the above integral, L denotes the whole length of a CNT, and other functions are [23] 
where z denotes the distance of the centroid of a fibre from the matrix crack plane and g is defined as [23] 
In the above theory, the CNTs whose pull-out force exceeds the rupture force, which is simply p cr = 2πr f τ s l cr , are discounted. This kind of binary discounting scheme depending on the orientation angle is also used in the work of Mirjalili and Hubert [14] , but they used a deterministic critical angle ϕ cr = 40 • by an equivalence plan. As pointed out by Chen et al. [15] , the strength of CNTs is unlikely to be uniform along the length, nor to be the same from one to the other, so Chen et al. [15] use the two-parameter Weibull distribution to model the strength of CNTs. Discounting CNTs at large orientation angles is highly necessary considering both the stochastic nature of the strength itself and the possible high stress concentration at the exit point [45] . Moreover, even if the strength of a CNT is perfect, the interface bonding between it and the matrix is quite unlikely to be perfect along its length; weak or imperfect interfacial bonding has been regarded as the reason for lower than expected mechanical properties of CNT-reinforced nanocomposites [80, 81] . Recently, Lu et al. [82] developed a model to study the pull-out process of a CNT from a matrix where there is a debonding zone at the interface. It is shown that the interfacial defect has a pronounced deleterious effect on the maximum pull-out force, and the strengthening and toughening effect. Therefore, even for a perfect CNT with a length less than the critical length and aligned perpendicular to the crack face, its strengthening and toughening effect is still likely to be discounted by imperfect interfacial bonding, though the quantification of the effect requires detailed experiments. To reflect all these influences, we replace the binary and deterministic function U (g) in (15) by a smooth degradation function
where the parameter A is a judiciously chosen large positive number depending upon the desired strictness of discounting CNTs. It is easy to verify that such a weighted expression in Eq. (17) can approximate the original (binary) step function in Eq. (15) to any desired accuracy. This continuous and smoothing function was proposed by Wang and Karihaloo [83] , and has been used by Wang and Tong [84] for solving interface contact problems. With all the above formulas, we can conduct numerical calculations and examine the influence of the involved parameters, such as the length and the interfacial shear strength. Figure 2 shows the variation of the normalized fracture energy with normalized length of CNTs. The maximum fracture energy is attained at L = 1.5l cr , after which the fracture energy quickly decreases with the increase in the length of the CNTs.
Pull-out of short fibres grafted with carbon nanotubes
Carbon nanotubes have been grafted on to conventional fibres such as carbon fibres and glass fibres to improve the interfacial bonding strength of the latter in polymer matrices [71, 72, [85] [86] [87] [88] [89] . Hung et al. [86] conducted tensile tests of composites containing carbon fibres that are grafted with CNTs on their surfaces, and found an increase in the tensile strength. Based on the observations of the surface of the pull-out holes left by the carbon fibresinthematrix,Hungetal. [86] proposed three types of deformation of CNTs during the pull-out process: (i) the CNTs break at the CNT/carbon fibre joint; (ii) the CNTs are pulled out from the matrix; and (iii) the CNTs break at a length from the hole and then are pulled out. For the epoxy matrix composite, Hung et al. [86] observed that some CNTs are indeed pulled out, but type (i) is regarded as the major failure mechanism. However, An et al. [88] conducted pull-out tests of carbon nanotube-grafted carbon fibres from epoxy and demonstrated a 94 % increase in the interfacial shear strength with type (ii) as the prevailing mode. Wang et al. [72] found a 30 % increase in the interfacial shear strength from their micro-droplet tests of CNT-grafted carbon fibres due to deteriorated wettability of the carbon fibre surface, but the grafting force for a single CNT may be very strong, with a detaching force up to 5 µN.
Recently, Jia et al. [73] presented a numerical study of the pull-out of CNT-grafted carbon fibres using the finite element computation. At the micro-scale, the CNTs are assumed to be aligned only in the radial direction of the carbon fibre, and the CNTs are bonded to the matrix by a cohesive model [90] in which the pull-out force and the pull-out displacement relation is described by a polynomial function. Then, at the macro-scale, the force exerted by the CNTs on the carbon fibre was modelled by a nonlinear spring, so that the quantities at the two scales were linked up. Jia et al. [73] conducted a series of parametric studies of the influence of the microscopic parameters such as the interfacial properties of the CNT/matrix and the radius and length of the CNTs on the macroscopic pull-out force and pull-out energy.
In this paper, we will calculate the pull-out force-displacement relation of short fibres grafted with CNTs which will reflect the three deformation modes of the CNTs as found in the experiments of Hung et al. [86] andAnetal. [88] . We develop a model based on three conditions. Firstly, the CNTs are randomly orientated on the surface of a fibre. CNTs may be randomly orientated or spread within a certain angle or even aligned in a direction on a micro-scale fibre [86] , but the effect of the orientation distribution can be easily included in the model once it is known. Secondly, there is the interaction between the fibre and the matrix, though this interaction is very likely affected by grafting the CNTs [72] . In order to retain this inherent effect, we include this interaction by assuming a constant frictional shear stress at the carbon fibre-matrix interface. Thirdly, we neglect the axial deformation of the fibre and thus equate the pull-out displacement of the fibre itself to the pull-out displacement of the CNTs.
The average force of a single CNT taking into account the effect of the distribution of the embedded length and orientation isp
where the force p (δ; l,ϕ) that a single CNT exerts on the fibre is given in Eq. (1). Here, we assume that the maximum length (also the embedded length extending from the surface of the fibre) of the CNTs is L * , and that the length of the CNTs is uniformly distributed in the region [0, L * ] so that the probability density function P * (l) = 1/L * . A CNT should be discounted, that is, the force should be set to zero, when either the pull-out force exceeds a critical value p 0 , which could be limited by the grafting force or the strength of the CNT itself [72] , or the pull-out displacement reaches the embedded length. 
Then, the total force exerted by all the CNTs on the fibre with an embedded length L F and radius R F is
The first term on the right-hand side is the force exerted on the fibre by the grafted CNTs, and the second term the interfacial frictional force. g D is the grafting density of the CNTs on the fibre surface, which could reach several tens of CNTs per square micrometre (e.g. 36 CNTs/µm 2 ). Equation (21) gives the complete pull-out force-displacement relation of a micro-scale fibre grafted with CNTs. The simple linear dependence of the force on the embedded length agrees with the experiments of Qian et al. [85] and An et al. [88] . Figure 3 shows the pull-out curve of a CNT-grafted fibre calculated following the above procedure. For the used parameters, the pull-out force is dominated by the action of the CNTs, when the pull-out displacement is less than the maximum length of the CNTs. The frictional force between the fibre and the matrix is negligible compared with the action of the CNTs. Therefore, to enhance the resistance of the fibre to the pull-out, it is crucial to use long CNTs. 
Conclusions
A nonlinear, continuous, and smooth bridging law is proposed to describe the pull-out force-displacement response of carbon nanotubes from a matrix. This bridging law is simple in that it only contains two critical parameters, namely the critical pull-out displacement (or, alternatively, the interface shear strength) and the frictional coefficient for the snubbing effect of inclined CNTs. This bridging law can be used to investigate the strength, constitutive relations, and toughness of carbon nanotube-reinforced nanocomposites when the composites are characterized by cracks bridged by the CNTs. In this paper, it is applied to the prediction of the toughness induced by pull-out of CNTs and to the modelling of the pull-out response of conventional short fibres that are grafted with CNTs on their surfaces. With this simple bridging law, some parametric studies are presented to illustrate the influence of various parameters at the nano-and micro-scale on the toughness of the nanocomposites and the pull-out behaviour of grafted fibres.
